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Abstract

The quadrature formulas for the fractional
Riemann-Liouville integral are investigated in this
article. A linear operator is introduced that

associates V(/)(X) € C[a1 b]

P(pix) e H, satisfying the  condition
(15 R)(x) = (159)(X;)  j=0,n

a polynomial

, Where
I _ are Chebyshev points. The integrand is
approximated by an algebraic polynomial. The
formula of the remainder term for the quadrature
formula is derived. The quadrature formulas
obtained are verified using the Wolfram
Mathematica computer algebra system.

Keywords: quadrature formula, fractional

integration, fractional calculation, fractional
Riemann-Liouville integral.

Resumo

Resumen

Las féormulas en cuadratura para la integral
fraccional de Riemann-Liouville se investigan en
este articulo. Se introduce un operador lineal que

asocia Vo(x) e Cla,b]
P.(p;x)eH

un  polinomio

" que satisface la condicién
a _ a . -
(Ia+Pn)(Xj) _(Ia+§0)(xj)’ J=yn donde:

X,
! son puntos de Chebyshev. El integrando es

aproximado por un polinomio algebraico. Se
deriva la férmula del término restante para la
férmula de cuadratura. Las férmulas en
cuadratura obtenidas se verifican usando el
sistema de algebra computacional Wolfram
Mathematica.

Palabras claves: férmula de cuadratura,
integracion fraccional, calculo fraccional, integral
fraccional de Riemann-Liouville

As féormulas de quadratura para a integral fracionaria de Riemann-Liouville sao investigadas neste artigo.
Um operador linear é introduzido que associa V(D(X) e Cla,b] um polindbmio Pu(pix) e H,

1ZP)X)=79)X:) i=0.n X,
satisfazendo a condicio (1R J) (150 J), ]=0,n onde - sio os pontos de Chebyshev.
O integrando é aproximado por um polinémio algébrico. A férmula do termo restante para a formula de
quadratura é derivada. As férmulas de quadratura obtidas sao verificadas usando o sistema de algebra
computacional da Wolfram Mathematica.

Palavras-chave: féormula de quadratura, integracao fracionaria, calculo fracional, integral fracionaria de
Riemann-Liouville.
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Introduction

Fractional integration and differentiation is the
extension of the operations of integration and
differentiation to the case of fractional orders
(Ortigueira & Machado, 2015). In recent years,
fractional integro-differentiation has been used
to solve many applied problems in mechanics,
control theory, biology, etc. A large number of
studies are devoted to solving, with the help of
fractional integrals, those problems in various
disciplines that can not be solved by conventional
means. For example, in (Gonzalez & Petras,
2015; Liu et al, 2015), the use of fractional
calculus in signal processing is considered
(DEMIYEVA, 2017; Villalobos Antlnez, 2015).

In (Evans et al, 2017), the use of fractional
integrals and derivatives in medicine is studied.
The applications of fractional calculus in
mechanics are given in (Bachher et al, 2015;
Ezzat et al, 2015). The solution of fractional
differential equations is considered in (Kaplan &
Bekir, (2016; Mirzaee & Alipour, 2018; Zeng et
al, 2017; Pospisil & Skripkova, 2016; Chadha &
Pandey, 2017).

We consider the necessary definitions.
For an n- multiple integral, the following formula
is:

Jx.deX' dx...i p(X)dx = ﬁj(x ~1)"dx

Where (n-1!=I(n)

The right-hand part of the formula makes sense
also for noninteger values of n,

Definition 1. Let #(X) €Cla.b] . [a.b]
continuous function. Integrals
(1)

I dt,x>a
(15000 =5 )J — e dux>
,and

« 40)

I X) = dt,x<b
(159000 = ey | oo 20 <

’

where & > 0, are called Riemann-Liouville &
fractional integrals. The first of them is called left-
handed, and the second is called the right-

a a
handed integral. Operators "2+, "b- are called
fractional integration operators.
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We will consider left-handed fractional integrals
with order 0 <@ <1,

The operators of fractional integration have the
attribute
| a+pf

21 =157 1 o=
a>0,>0

| a_+ﬁ¢)

[a,b]

Definition 2. For f (X) function, set on
interval, every equation

(Dz, F)(x) =

ii f(t)
r(1— a) dx 4 (x—t)°

1 db f(t)
(B )60 == r(1—a)&£(t T

, is called the fractional derivative of order, & ,

O<a <1 The first of them is called left-
handed, and the second is called the right-
handed derivative. These fractional derivatives
are also called Riemann-Liouville derivatives.

12D

a
Note that, D |a+(0 @ , but ar® does

not always coincide with ¢(X) .

Fractional integrals and Riemann-Liouville
derivatives are investigated by specialists in many
works, for example, in (Ezz-Eldien et al, 2018)
they are studied in connection with the solution
of problems of fractional calculus of variations.
The expansion of the fractional Riemann-
Liouville derivative is given in (Baleanu et al,
2017). Fractional integral inequalities are
considered in (Sudsutad et al, 2016; Anastassiou,
2017) and the continuity and boundedness of the
fractional Riemann-Liouville integral operator are
studied.

Definition 3. The Pochhammer symbol (2),
for n integers is defined by

(2),=2(z+)..(z+n-1) n=12,.
(2), El'
(2), =(—1)"(1—n—z)n’ @, =

’

where

Definition 4. Gamma function F(Z) is the Euler
integral of the second kind

&
v
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I'(z)= sz‘le‘xdx
0 Rez>0 where

-1 — e(z—l)lnx

I'(z+1) =1z0(z2)

rmn)y=(mn-1n!

The reduction formula

Rez>0 is also use attribute
n :1121-" F(l) :1

Definition 5. Beta function is the

B(z,@) = j X (1-x)7tdx

integral,
Rez> O, Rew >0 (the Euler integral of the
first kind)
Beta function is expressed by the gamma
I'z)I' (@
B(z, ) = LA (@)
I'(z+a)

function by the formula

Derivation of Quadrature Formula for the
Riemann-Liouville Fractional Integral
Calculation

The methods for approximation of fractional
integrals, in particular  Riemann-Liouville
integrals, are widely studied issue at the present
time. For example, in (Colinas-Armijo & Di
Paola, 2018) we consider the step-by-step
approximation of a fractional integral. In (Toufik
& Atangana, 2017) approximate formulas for the
solution of linear and nonlinear fractional
differential equations are given, in (Zedan et al,
2017) - an approximation of a system of
fractional integro-differential equations. Earlier in
(Galimyanov et al, 2017) we gave quadrature
formulas for the fractional Weyl integral.

Definition 6. Let us consider a definite integral
b

[ () f ()

a

, where a,beR= (-0, OO),
f (X) is a certain continuous function, p(x) is
a

weight function, i.e. p(X)ZO throughout
(a,b)

and is equal 0 only on a set of a zero

Hi p(x)dx < 40

measureand 2

Then, if this integral exists, but is not exactly
calculated, then we can use formula
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[ P00 (0= > A (x)

k

, where are

some points of (a’ b) . The formula is called the
quadrature formula.

Let construct a quadrature formula for
calculating the fractional Riemann-Liouville
integral.

2j+1
Xj = CO0S .
Let 2n+2 , j=0n _ are
Chebyshev points of the first kind. (1)

P
Wenotebya " linear operator that associates

Vo(x) eCla,b] |

I:>n (¢’ X) eH N satisfying the condition,
(Ia+ n)(x ) (I ¢)(X ) J_O n ( )

We approximate the integrand (0( )by an
algebraic polynomial of  the form

P.(x)=Y a,(x—a)*

polynomial

-(3)

Approximation by a polynomial is often used in
solving approximation problems, for example, in
(Nemati & Yousefi, 2017) we can see the
application of such a method.

X

We calculate | ”)( ) . We substitute the
representation of a polynomlal in a fractional
integral and transform it.

. YOI B
(2RI j(x = ey | 2 o t)”z

e )Zak j (t—a)" (x—t)“dt

We make the following change of variables
X—t
S=—"
t=x—-(x—a)o X—a
dt =—(x—a)do

and transform the resulting calculation

’

(12P)(X) f—ZakJ‘(x—(x—a)&—a)“(x—x+(x—a)5)“ Y~(x—a)ds =

()ko 1

T )Zak j (x-a) (L-8)" (x—a)* 5" (x—a)ds =

T )kz;ak(x a)k ! (1-3)“5°ds
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In the integrand to the k degree we add and
subtract |.

(1ZR)X = Zak(x a)““j(l 5)* D15l s

Note that we have obtained a B-function. Then,
taking into account the properties of the B-
function, we have the following

)( )_ zak k+tx 1—‘(k +1)r(a) _

I'k+l+a)
. e T(k+1)
gak(x—a) Ik+l+a)
Thus,
ke L(K+1)
(Ia+ n)(X) Zak(x a) F(k+1+0()

n
We find the unknowns {ak}o from condition

X
(2), where the !/
formula (I).
We obtain the following system of linear

points are described in

. . . ato
algebraic equations with respect to { k}o

: ke L(k+1) o(t)
2 e e

_wmju
=00 g
It follows from the general theory of linear

algebraic systems that this system will have a
unique solution if its determinant is different

from zero. Therefore, we consider the
determinant of this system:
(% — )" r@ (- a) g (5 — )" C(n+1)
rl+a) r2+a) r'(n+1+a)
A= .
gy TO (e TO T T4
I'l+a) I'2+a) T(n+1l+a)
We use the F(Z) attributes of a function:
C(a+n)=T(a)(a), r'(n)=(n-1!
ra)=1
« 0O PR asn n!
0 e, %7 @@, G~ @
A=
a ! _oyadd u _ ayaen n!
(x, —a) Fa)(@), ) (%, —a)

(X,
[(a)(@),

F(a)(@)na
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It can be seen that the determinant contains a

1

Olr(a) that can be taken out,
line contains a common factor

(xl—a)“, (X, —a)“,

and each column contains a
1 n!

(¢ +1)...(x¢ +n)

common factor
also each

(% —a)"

respectively,

common factor & +1 e

, respectively. Therefore, we obtain
1 (x%-a) ..

A= (X —a)“..(X, — a)”[

L)Y r oo
al(a)) a+1" (a+1)..(a+n) 1 (x 7a)

The

remaining determinant
1 (x,—a) ... (x,—a)"
1 (Xn - a‘) (Xn - a)n

Vandermonde's determinant.

Definition 7. Vandermonde's determinant is
1 X, o X

A=|.
1 X, .. X'

n

H(Xk _Xm)¢0

n>k>m>0

It follows that the system of linear algebraic
equations (4) has a unique solution - unknowns

& are uniquely determined from this
system.
As a result, we obtain the following quadrature
formula

1 (e ko _ L(k+1)
— ~ > a (x-
T(e) ? (x t)“‘ % (x=a) Ik +1+a)
Definition 8.
The variable
b n
R, () =] p(x) f (x)dx—Y" A F(x,)
a k=1
at
C(a,b) is called the remainder (the remainder
term) of the quadrature formul a

[ POO 0k = X A F(x)

&
v
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For our case, the remainder of the quadrature
formula will be
' X)

R.(f) =17 (. x) - 15 (R,

12 . . :

( a+ ”)( ) is an interpolation polynomial, so
we use the representation of the remainder term
for interpolation polynomials.

Statement. Let a f (X) = C[a’ b] function
have continuous or at least bounded derivatives
(n)
of N -kind, that is 3f (X) € [a' b], then the

remainder term can be represented in the form
(W@
r(X)=——m,(X
()= 0 @b

where is a certain
wd@=%x—%XX—M)4X—M)
Therefore, get
(n)
M@JU@M)ﬁ%w -
| the

function has continuous derivatives of N -kind,
(n)
that is Elq) (X) € [a’b]

We will show this. We have

(I PN = (r( )J

We integrate by parts.

o(t)
(x—t)"

‘

(l P)(x) = r():n[wwxw4Y§—ﬂx4V¢ﬁwq=
1 d°

a)” — )" o' (t)dt
= F@) o (co()(x ) j(x >¢()]

Separate one derivative and differentiate the

r'(k+1)
I'k+1l+a)

e

oot = YA )

k=0

[(a) 5 I
.(5)

n
where ado are determined from the system
of linear algebraic equations (4).

(n)
For a CD(X) eC [a’ b] function, the formula
has an error

(n)
R (¢) = «lwﬂ»(@

a)n (X)

Calculations in the Worlfram Mathematica
System

The quadrature formulas obtained were verified
using the Wolfram Mathematica computer
algebra system. The calculations were
performed for various functions for different

values of & and n . Here are some results:
For the calculations we took the function

— 2 -
y—X , CZ—O,Z’ n:5.Tab|e | contains

a part of the results obtained by the quadrature
formula and the formula given in Definition | for

X values from the interval (_l’l] with a step
of 0.1.
Table |
a a
X Values of Values of
calculated by the calculated by the
quadrature formula main formula
-0,9 0,57700216320663 0,57786520325503
-0,8 0,54988446470939 0,55017061596212
0,1 0,09237347341898 0,0925070405021 |
0,9 0,70297750691299 0,70358334197922

0,87136940841457 0,87196166393050

expression in brackets.
4 (t)
F()dx“{()(x -[(x )

n -1
o Ja2)) =

Agaln we integrate by parts and then, separating
one more derivative, we differentiate the
resulting expression, and so we continue until we
exhaust all N derivatives.

As a result, we get

4

L1200 = (@-1(a-

2)..(a=k) _ njf a0

1 Zn: ®
9" (a) P
I(a) i 1
Theorem. To calculate the fractional Riemann-
Liouville integral, we can use the quadrature

formula

dx (x-a)"

a
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At the half-interval (_1’1] , the maximum
magnitude of the difference between the values
calculated from the quadrature formula (5) and

) 1 % o
o G001 atE
o= 0,5’ n=5

formula is 0, 00086304. For

a=05

, this value is 2.72537 - 10-8, for "~
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nle—Z%W&W%mﬁhra:Qq

n=>5 this value is — 3,35287-10-14.
y =SIn X a=05
where ,

n :5, at the half-interval ( l’l], the
maximum magnitude of the difference between
the values calculated from the quadrature
formula (5) and the

‘ _ 1t @)
(15.9)(X) = M) (x—t)
formulais 1.5436 - 10-6.

For the function

Summary

The values obtained with the derived quadrature
formulas are verified using the Wolfram
Mathematica computer algebra system. It is
noted that the error in calculating the quadrature

formula decreases with increasing of a,
O<a<l

Conclusions

Thus, quadrature formulas for the Riemann-
Liouville fractional integral are investigated. A
linear operator is introduced that assigns a
polynomial to any function. The approximation
of the integrand by an algebraic polynomial is
considered. The remainder term formula for the
quadrature formula is derived.
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